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11. Conservation of Energy (Steady-State)
We can use the Reynolds Transport Theorem to develop perhaps
one of the most important concepts in all of hydraulics –
Conservation of Energy. Most of us are familiar in one way or
another with the First Law of Thermodynamics which states that
energy for an isolated system is neither created nor destroyed.
Rather the energy associated with the system may change forms.
Types of energy that most of us are familiar with from basic physics
include potential energy and kinetic energy. In fluid mechanics we
also consider pressure energy.
For example, when a rock sits on a cliff it has potential energy equal
to the elevation of the rock, but no kinetic energy. If the rock were
to fall off the cliff, then the change in potential energy would be
transferred to a change in kinetic energy. In other words, as the
rock fell the speed of the rock would increase.
The formal definition of the First Law of Thermodynamics states
that the change of the internal energy of a system is equal to the
net amount of heat added to the system minus the net amount of
work done by the system on its surroundings. Notice that we
considered the net amount of heat added and work done. This
means that heat could be removed from a system thus indicating a
negative amount of heat added. Likewise work could be done on
the system by external sources indicating a negative amount of
work performed by the system.
Here we will use the letter U to denote internal energy, Q to denote
heat and the letter W to denote work. Please be careful not to
confuse the letter Q associated with heat with the same letter used
to describe the volumetric flowrate.
The First Law of
Thermodynamics can be stated in equation form as:
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∆𝑈 = 𝑄 − 𝑊
Eq. (2- 174)

Using Eq. (2- 174), we can say that the time rate of change of the
internal energy of a system is equal to the time rate of change of
heat added to the system (heat transfer) minus the time rate of
change of work done by the system (power).
𝑑𝑈
= 𝑄̇ − 𝑊̇
𝑑𝑡
Eq. (2- 175)

Clearly the extensive property is internal energy. Let’s define the
intensive property as a lower case e and call that the internal
energy per unit mass. If we do not consider nuclear, electrical,
magnetic, and surface tension effects, then the internal energy per
unit mass can be expressed as:
𝑒 = 𝑔(𝑢 + 𝑃𝐸 + 𝐾𝐿)
Eq. (2- 176)

Where:

e – internal energy per unit mass
u – intrinsic or stored energy per unit weight
PE – potential energy per unit weight
KE – kinetic energy per unit weight

Carefully notice above that the sum of the stored internal energy,
the potential energy and the kinetic energy is multiplied by
acceleration due to gravity. This operation converts the energy
terms expressed as energy per unit weight into energy per unit
mass.
We now employ the Reynolds Transport Theorem for energy by
substituting Eq. (2- 175) into Eq. (2- 141) and using Eq. (2- 176) to
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describe the intensive property – energy per unit mass. We now
have:
𝑑 ∫𝐶𝑉 𝜌𝑒𝑑∀
𝑑𝑈
̇
̇
=𝑄−𝑊 =
+
𝑑𝑡
𝑑𝑡

𝜌𝑒(𝑉 ∙ 𝑛)𝑑𝐴
𝐶𝑆

Eq. (2- 177)

Under steady-state conditions there is no change in the internal
energy per unit mass. Thus the first term on the right side of the
equality in Eq. (2- 177) is zero. Rather, referring to Figure 2- 173,
any change in the energy of the system must come from heat
transfer (QH) or work transfer (HM) across the control surfaces.
11.1.

Transfer by Work

We focus our attention to the energy transfer by work. Later we
will consider the energy transfer by heat and will see that this is
really friction loss. While work on a system can include work done
by machinery, work done by pressure, work done by viscous forces
(shear) and other mechanisms; we will limit our discussion to work
done by machinery (pumps and turbines) and work done by
pressure. Thus the total work performed on a system is:
𝑊

=𝑊

+𝑊

We recall that work is force times displacement. Work is done on
the system by pressure. In the case of the system shown in Figure
2- 173, there is pressure acting on the left face of the system and
there is pressure acting on the right face of the system. The work
performed by pressure is to move the system. The pressure acting
on the left face of the system displaces the system a distance S1
over the time step t.
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Control Volume

Q

S1

Heat Added, QH

S2

Work Added, HM

Figure 2- 173 – System Moving Through Control Volume Over t

The work performed on the left face of the system is:
𝑊 = 𝐹 𝑑 = 𝑃 𝐴 ∆𝑆
Eq. (2- 178)

Likewise, the work performed on the right face of the system is:
𝑊 = 𝐹 𝑑 = 𝑃 𝐴 ∆𝑆
Eq. (2- 179)

Recall that pressure acts perpendicular to the surface it is in
contact with. Therefore if F1 were equal to F2, then there would be
no work (S = 0) and the system would remain stationary. We will
define the net amount of work performed on the system by
pressure as:
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= 𝑊 − 𝑊 = 𝑃 𝐴 ∆𝑆 − 𝑃 𝐴 ∆𝑆

Eq. (2- 180)

Let’s divide Eq. (2- 180) throughout by the specific weight of the
fluid. Also note that the product of the area at Section 2 and the
displacement at Section 2 is equal to the system that moves out of
the control volume. Under steady-state conditions this is equal to
the volume of fluid on the upstream end that moves a distance S1.
Now Eq. (2- 180) becomes:

𝑊

=𝑊 −𝑊 =
=

𝑃
𝑃
(𝛾 )(𝐴 ∆𝑆 − 𝐴 ∆𝑆 )
−
𝛾
𝛾

𝑃
𝑃
(𝑔∆𝑚)
−
𝛾
𝛾

Eq. (2- 181)

Notice in Eq. (2- 181) above that the net work done by pressure is
equal the difference in pressure head times the weight of the fluid
that leaves the control volume. The weight of fluid that leaves the
control volume happens to be equal to the weight of fluid that enters
the control volume to replace what has left.
We will call the work done by machinery as shaft work since in one
way or another a rotating shaft is involved. In the case of a pump,
a rotating shaft connected to an impeller adds energy while a
rotating shaft connected to turbine blades removes energy (and
creates electricity). Fans and compressors are other forms of
machinery that make use of shaft work.
Shaft work is equal to the energy per unit weight imparted to the
system by the rotating shaft times the weight of the fluid that is
© 2002-2022 WaterWare Consultants. All rights reserved.
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moved by the rotating shaft. Consider again Figure 2- 173 but let’s
assume that there no hydrostatic forces due to pressure. The
system can still move in this case due to work performed on the
system by the rotating shaft.
We will define the energy per unit weight imparted to the system by
the shaft as HM. Therefore the shaft work can be expressed as:
𝑊

= 𝐻 (𝛾 )(𝐴 ∆𝑆 ) = 𝐻 (𝑔∆𝑚)

Eq. (2- 182)

11.2.

Transfer by Heat

The heat transferred to a system from external heat sources can
be expressed as:
𝑄

= 𝑄 (𝛾 )(𝐴 ∆𝑆 ) = 𝑄 (𝑔∆𝑚)

Eq. (2- 183)

Where QH is the energy added to the system from heat sources per
unit weight of the fluid. If heat is added to the system then Q H is
positive. If heat is lost from the system then QH is negative.
We will see later that for civil engineering applications we may
assume that the heat transfer into or out of the system is negligible.
The reason for this is that water pipes buried in the ground are
reasonably well insulated and therefore little or no heat exchange
actually takes place.
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Developing the Energy Equation

Eq. (2- 176) states that the internal energy per unit mass is the sum
of the stored internal energy, the kinetic energy and the potential
energy. We can express kinetic energy as:
𝐾𝐸 =

1
𝑚𝑉
2

Eq. (2- 184)

Let’s divide both sides of Eq. (2- 184) by weight. This will provide
us with an expression of the kinetic energy per unit weight. We
express weight as mass times the acceleration due to gravity. We
see that the kinetic energy per unit weight is simply the velocity
head.
1
𝑚𝑉
𝐾𝐸
2
=
𝑚𝑔
𝑚𝑔

=

𝑉
2𝑔

Eq. (2- 185)

Now we examine the potential energy. Energy has the dimensions
of L-F. Therefore the potential energy, that is, the energy
associated with the elevation of a particle located some vertical
distance Z above a datum is:
𝑃𝐸 = (𝑚𝑔)𝑍
Eq. (2- 186)

The potential energy per unit weight is simply the elevation head
as shown below.
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𝑃𝐸
=𝑍
(𝑚𝑔)
Eq. (2- 187)

Intrinsic energy is the energy that is stored within the system and
is associated with molecular state of matter. Intrinsic energy may
come from thermal, nuclear, chemical and electrostatic sources.
For hydraulic systems we neglect nuclear, chemical and
electrostatic sources of energy and only focus on thermal sources.
We see later that it is the thermal source that is associated with
friction or head losses.
Now let’s examine the net flux of internal energy across the control
surfaces. For conservation of energy, the net flux of internal energy
per unit weight can be expressed as:
𝑉2
𝜌𝑒(𝑉 ∙ 𝑛)𝑑𝐴 = 𝜌𝑔 𝑢 + 𝑍 +
𝑄
2𝑔

𝑉2
− 𝜌𝑔 𝑢 + 𝑍 +
𝑄
2𝑔

Eq. (2- 188)

Let’s look more closely at the time rate of change of the energy of
a system. Eq. (2- 175) states that the time rate of change of the
energy of a system is equal to the time rate at which heat is
transferred into the system minus the time rate at which work is
done on the system.
Let’s substitute Eq. (2- 181), Eq. (2- 182) and Eq. (2- 183) into Eq.
(2- 175) to obtain the expression below. Notice that we have
expressed the time rate of change in terms of a finite time
difference, t. Also notice that there is no work done by the system
in this case, rather only work performed on the system by pressure
and a rotating shaft. Thus we add the external work performed on
the system.
© 2002-2022 WaterWare Consultants. All rights reserved.
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(𝑔∆𝑚)
𝑑𝑈
= 𝑄̇ + 𝑊̇ = 𝑄
+
𝑑𝑡
∆𝑡

(𝑔∆𝑚)
𝑃
𝑃 (𝑔∆𝑚)
−
+𝐻
𝛾
𝛾
∆𝑡
∆𝑡

Eq. (2- 189)

We know that density is mass per unit volume. Therefore we can
express mass as density times volume. We also know that flow
rate is volume per unit time. So Eq. (2- 189) becomes:
𝑑𝑈
= 𝑄̇ − 𝑊̇ = (𝑄 𝑔𝜌𝑄 ) +
𝑑𝑡

𝑃
𝑃
−
𝑔𝜌𝑄 + 𝐻 𝑔𝜌𝑄
𝛾
𝛾

Eq. (2- 190)

We now combine Eq. (2- 188) and Eq. (2- 190) to obtain:
𝑑𝑈
= (𝑄 𝑔𝜌𝑄 ) +
𝑑𝑡

𝑃
𝑃
−
𝑔𝜌𝑄 + 𝐻 𝑔𝜌𝑄
𝛾
𝛾
𝑉
𝑉
= 𝜌𝑔 𝑢 + 𝑍 +
𝑄
− 𝜌𝑔 𝑢 + 𝑍 +
𝑄
2𝑔
2𝑔
𝑂𝑢𝑡

𝐼𝑛

Eq. (2- 191)

Notice that gQ is common to all terms in the expression above.
Therefore we can factor out this term to obtain:
𝑄 +

𝑃
𝑃
−
+𝐻 =
𝛾
𝛾

𝑢+𝑍+

𝑉
2𝑔

−

𝑢+𝑍+

𝑂𝑢𝑡

𝑉
2𝑔

𝐼𝑛

Eq. (2- 192)

We can see from Figure 2- 173 that fluid leaves the control volume
at Section 2 and fluid enters the control volume at Section 1.
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Therefore associating Section 2 with terms leaving the control
volume and Section 1 with terms entering the control volume we
have:
𝑄 +

𝑃
𝑃
𝑉
𝑉
−
+ 𝐻 = 𝑢2 + 𝑍2 +
− 𝑢1 + 𝑍1 +
𝛾
𝛾
2𝑔
2𝑔

Eq. (2- 193)

Now we rearrange Eq. (2- 193) to the more familiar looking form of
the energy equation.
𝑃1
𝑉21
𝑃2
𝑉22
𝑢 +
+𝑍 +
+ 𝑄𝐻 + 𝐻 𝑀 = 𝑢 +
+𝑍 +
𝛾
2𝑔
𝛾
2𝑔
Eq. (2- 194)

We see later in Section 14 that deals with pumps that the work
added to the system by machinery is pump head. The pump head
actually increases the pressure of the fluid. From this point forward
we will denote pump head as E(Q) as the amount of energy added
by a pump will depend upon the discharge through the pumping
unit.
Eq. (2- 194) can now be written as:
𝑃1
𝑉21
𝑃2
𝑉22
+𝑍 +
+ 𝐸( 𝑄 ) =
+𝑍 +
+ (𝑢 − 𝑢 ) − 𝑄𝐻
𝛾
2𝑔
𝛾
2𝑔
Eq. (2- 195)

A change in the internal energy state (u2 – u1) is caused by fluid
friction and is manifest as a change in the temperature of the fluid.
In other words, the temperature of the fluid at the downstream end
of the control volume is greater than the temperature of the fluid at
© 2002-2022 WaterWare Consultants. All rights reserved.
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the upstream end.
If the temperature of the fluid remains the same, then any
temperature change caused by friction must be dissipated through
the control surfaces and flow out of the system. In either case, the
change of temperature is a due to fluid friction either as shear
between fluid layers, as shear between the fluid and the boundaries
of the control volume or both. In general terms we call the sum of
the change of internal energy and the heat transfer head loss due
to friction or:
ℎ (𝑓) = (𝑢 − 𝑢 ) − 𝑄𝐻
Eq. (2- 196)

Substituting Eq. (2- 196) into Eq. (2- 195) gives the very familiar
form of the energy equation that is used to evaluate the behavior
of hydraulic systems.
𝑃1
𝑉21
𝑃2
𝑉22
+𝑍 +
+ 𝐸( 𝑄 ) =
+𝑍 +
+ ℎ𝐿 (𝑓)
𝛾
2𝑔
𝛾
2𝑔
Eq. (2- 197)
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